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Lie groups and Lie algebras occur in many places in physics. This is an

introduction to both of these concepts, illustrated with rotations in various
dimensions.

A Lie group (where ’Lie’ is pronounced ’lee’) is a group that depends on
Lie groupone or more continuous parameters. When all the parameters are near zero,

the group elements must be close to the identity element. As we’ll see in
the examples below, a rotation group is a Lie group with the angle (in the
case of 2-d rotations) or angles (in higher dimensions) as the parameters.
When the angles are all near zero, then the rotation is only infinitesimally
different from no rotation at all, that is, it’s close to the identity element I .

In contrast, a reflection through an axis or plane is not a Lie group, since
a reflection is an all-or-none operation. A system is either fully reflected or
not reflected at all; there is no continuous parameter that can be varied to
give a partial reflection (whatever that would mean), so there is no reflection
that is infinitesimally close to the identity.

To make all this a bit more formal, we define a Lie groupGwith elements
g that depend on one or more continuous parameters θa. We assume that
each g can be expanded around the identity when all the θas are small. That
is, we assume

g = I+A (1)

where A is a term that depends on the θas through the relations

A= i∑
a

θaTa (2)

The i on the RHS is the usual square root of −1 and is inserted for conve-
nience as it makes many calculations in physics easier. The objects Ta are
called generators, and are determined by the particular nature of the group. generators
It’s important to note here that the θas are just numbers, while the Tas can
be other types of objects, commonly matrices.

At this point we can introduce the important distinction between a Lie
group (which is the group G defined above) and a Lie algebra, which is
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determined by the properties of the generators Ta. The generators do not,
in general, form a group.

Example 1. As a first example, consider 2-d rotation applied to vectors in
the xy plane. A 2-d vector has components given by

uuu=

(
ux
uy

)
(3)

We can define another vector by

vvv =

(
vx
vy

)
(4)

If we rotate the coordinate system by some angle θ, the lengths of uuu and vvv do
not change, nor does the angle between them, so their dot product remains
the same. A rotation applied to a vector scrambles the vector’s components
so that each component in the rotated vector is a linear combination of the
components in the original vector. We can write this as

uuu′ =Ruuu=

(
r11 r12
r21 r22

)(
ux
uy

)
(5)

We can work out the elements of R (known as the rotation matrix) by
drawing a diagram and using trigonometry, but here we’ll take a different
approach. We use the invariance of the dot product under rotation. In the
original coordinates we have the usual formula

uuu ·vvv = uuuT vvv =
(
ux uy

)( vx
vy

)
= uxvx+uyvy (6)

After rotation we must have

uuu′ ·vvv′ = uuu ·vvv (7)

However, from 5 we also have

uuu′ ·vvv′ = (Ruuu) · (Rvvv) (8)

= (Ruuu)T (Rvvv) (9)

= uuuTRTRvvv (10)

Since this must equal uuuT vvv, we must have

RTR= I (11)
This is the fundamental defining condition for a rotation, and we can use it
to build the Lie group.
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First, we observe that the rotation matrices do in fact form a group. The
product R (θ1)R (θ2) gives another rotation R (θ1 + θ2), every rotation has
an inverse, which is just reversing the rotation, so that R−1 (θ1) =R (−θ1),
and so on. The angle θ serves as the continuous parameter.

From 1 we have, for θ near zero

R (θ) = I+A (12)
Applying 11, we have

RTR= (I+A)T (I+A) (13)

= I+AT +A+ATA (14)

As we’re working with infinitesimals, we make the usual assumption that
we can ignore any terms of order θ2 or higher. From 2 and the fact that a
2-d rotation has only one parameter θ, we have

A= iθJ (15)
where we’ve called the generator J instead of T , to be consistent with com-
mon notation. From 14 we have therefore

RTR' I+AT +A (16)
However, the condition 11 must hold so we have

AT =−A (17)
or

iθJT =−iθJ (18)
Since i and θ are just numbers, this tells us that

JT =−J (19)
As we’re interpreting J as a 2× 2 matrix, this means that it must be an-
tisymmetric. There is (up to multiplication by a constant) only one 2× 2
antisymmetric matrix, and it is (the factor of −i is inserted to make J her-
mitian, that is J is equal to (J∗)T , the complex conjugate of the transpose,
usually written J†):

J =−i
[

0 1
−1 0

]
(20)

Thus, for an infinitesimal rotation, we have
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R (θ) = I+A= I+ iθJ (21)

=

[
1 0
0 1

]
+ θ

[
0 1
−1 0

]
(22)

Now suppose that θ is a larger angle. The idea is that we can build up to
this angle by dividing it intoN smaller angles and then applying the rotation
N times. That is,

R (θ) =

[
R

(
θ

N

)]N
(23)

Substituting from 22, we have, in the limit N → ∞

R (θ) = lim
N→∞

(
I+ i

θ

N
J

)N
= eiθJ (24)

where we’ve used one of the definitions of ex to get the final version.
We can reclaim the usual form of the rotation matrix by expanding the

exponential. To do this, we need the powers of iJ :

iJ =

[
0 1
−1 0

]
(25)

(iJ)2 =

[
−1 0
0 −1

]
=−I (26)

(iJ)3 =−iIJ =−iJ =

[
0 −1
1 0

]
(27)

(iJ)4 =

[
1 0
0 1

]
= I (28)

After this, the cycle repeats. The expansion is then



LIE GROUPS, LIE ALGEBRAS AND ROTATIONS 5

eiθJ =
∞

∑
n=0

(iθJ)n

n!
(29)

= I− θ
2

2!
I+

θ4

4!
I− . . . (30)

+
θ1

1!

[
0 1
−1 0

]
− θ

3

3!

[
0 1
−1 0

]
+ . . .

=

[
1 0
0 1

]
cosθ+

[
0 1
−1 0

]
sinθ (31)

=

[
cosθ sinθ
−sinθ cosθ

]
(32)

which is the usual form for the 2-d rotation matrix.
Since there is only one parameter in 2, there is only one generator J ,

so we can’t say anything more about its properties other than what we’ve
already seen.

Example 2. Although the above approach to deriving the 2-d rotation ma-
trix may seem a lot more involved than the method using trigonometry and
a diagram, its big advantage is that it generalizes to higher dimensions in a
relatively straightforward way. To see this, suppose we consider rotations in
n dimensions. As above, we define a rotation by requiring the dot product
to be invariant, and this leads to the same condition. That is, we define a
group element for infinitesimal rotations by

g = I+A (33)

where A now depends on more than one parameter. The invariance of the
dot product again gives us the requirement that

AT =−A (34)

This time, however, the generators are n×n antisymmetric matrices. Such
a matrix can be built by adding together matrices consisting of all zeroes
except for a single +1 and a single −1 with one entry above the diagonal
and the other below the diagonal. For example, for n= 3, we have
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J1 =−i

 0 1 0
−1 0 0
0 0 0


J2 =−i

 0 0 1
0 0 0
−1 0 0


J3 =−i

 0 0 0
0 0 1
0 −1 0


(35)

In general, there are 1
2n(n−1) (that is, the number of entries above the

diagonal) independent antisymmetric n×n matrices, so in n dimensional
space, there will be 1

2n(n−1) generators.
In 3 dimensions, the parameters could be rotations about each of the 3

axes, but in higher dimensions things get a bit more complicated. The easi-
est way to think of it is that we can have one rotation in each of the planes
in the n dimensional space, where each plane is defined by considering two
of the coordinates. The number of such planes is the binomial coefficient
for “n choose 2” which is

(n
2

)
= n!

2!(n−2)! =
1
2n(n−1), as we saw above.

In this case, we can consider two separate infinitesimal rotations defined
by the generators:

R1 ' I+A (36)
R2 ' I+B (37)

To this order, the inverse of R1 is

R−1
1 ' I−A (38)

since, to first order

(I−A)(I+A) = I+A−A−A2 = I−A2 ' I (39)

Now consider the group element

R1R2R
−1
1 ' (I+A)(I+B)(I−A) (40)

= I+A+B−A−BA−A2 +AB (41)

' I+B+[A,B] (42)

where in the last line, the commutator is defined as commutator
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[A,B]≡ AB−BA (43)
[I’m not sure why we’re justified in throwing away A2 while keeping

AB and BA, since they all seem to be second order terms. Comments
welcome.]

It is the commutators that define the Lie algebra. Note that in the usual
Lie algebrarepresentation, A and B are matrices, so the commutator is a matrix, but A

and B are not elements of the Lie group; they define the Lie algebra.
The algebra is determined by the generators, which in turn are determined

by the nature of the group being constructed. For rotations, the generators
are antisymmetric hermitian matrices such as 35 for 3-d rotations. In this
case, you can verify by direct calculation that

[J1,J2] = iJ3

[J2,J3] = iJ1

[J3,J1] = iJ2

(44)
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